Year 9 proportional reasoning: unit plan

	Oral and mental starter
	Main teaching
	Notes
	Plenary

	Objectives A, B 

Higher/lower

Give fraction multipliers. Pupils have to say whether the result will be higher or lower. Introduce the term reciprocal and include unitary fractions.

About

Give multipliers (fractions, then decimals) to apply to a specified number. Pupils have to approximate the size of the result.

Calculator quick

Give a calculation (e.g. 
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 × 5). Pupils use calculators and discuss key sequence.
	Phase 1 (three lessons)

Objectives A, D, H

Repeated scaling 
Introduce repeated scaling (e.g. 4 ( 7 ( 5) using multiplication only, representing numbers by line segments. Recalling work from the Year 8 multiplicative relationships unit, identify scale factors (
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 and 
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), the equivalent single scale factor (
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) and inverses. Give a reminder of the terms scale factor, multiplier, inverse multiplier. Check that decimal scale factors give consistent answers. Discuss other examples, working towards the general result 
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Proportional sets
Referring to the plenary of the previous lesson, remind pupils of the terms ratio and in proportion. Give a table with three columns and up to ten rows of numbers in proportion. Leave some entries blank. The task is to find these entries using relationships between rows or columns. Pupils have to select appropriate 2 × 2 arrays to calculate each unknown, setting out tabular extracts and equations. Discuss alternative approaches and mix examples suitable for mental and calculator methods. 

Set A
Set B
Set C
2
7
x

2   x
x = 2 × 
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	Support: See Year 8 multiplicative relationships unit.

Scalings of line segments can be expansions or reductions. Mathematically, these are all enlargements, sometimes with scale factors less than 1.

At a suitable point, discuss links between scale factors using fraction and ratio notation, e.g. if a : b : c = 2 : 7 : 3 the scale factors between them are 
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, 
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, 
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, etc.

Extension: Consider how to place data so that missing entries can be found (last page of prompt sheet).


	Generate three proportional sets, given specified ratios, e.g. a : b = 3 : 5 and b : c = 10 : 3. Start by choosing entries for one set. (Could be set as homework.)


For a given unknown, pupils offer several different tabular extracts from which it can be calculated. Discuss efficient choices.

	Objectives C, D 

Equivalent lists
Give a ratio of two quantities. Pupils give scale factor as a fraction and a decimal, and the percentage increase or decrease. Same for inverse and other ratios. 

Webs
For example, if £5 = €8 (5 : 8), give some more equivalents. Set out as web diagram and include entries for £1 and €1.
	Phase 2 (three lessons)

Objectives D, E, F, G, H (Framework pp. 193, 213–215)

Folding paper

Teacher demonstration: Start with a square, fold along a shorter line of symmetry and cut in half. Repeat four more times. Arrange rectangles and discuss, noting two sets with the same proportions (1 : 1 and 2 : 1). 

Class exercise (in pairs): repeat for rectangles, half the class starting with a metric sheet (e.g. A4), half with a non-metric sheet. Arrange rectangles, tabulate lengths and widths, find scale factors/ratios.

Cat faces (OHT and resource sheet)

Which faces are similar and how do you know? Consider:

•
ratios of features within a face that are preserved in a similar face;

•
multipliers (as fraction, decimal and percentage) that scale between similar faces.
	Emphasise tabulation of data and make links with phase 1 of the unit.

Define mathematical similarity: dimensions in proportion – ‘same shape, different size’. Note that all squares are similar.

Extension: For square folding use visualisation and discuss. Include area scale factors.
	Discuss results from metric and non-metric rectangles, noting that, for the former, all rectangles have the same proportions.

Choose plenary depending on progress with main activities. For example:

•
As well as squares and circles, what other shapes are always similar?

•
Raise a suitable thinking point relating to photographic enlargements (prompt sheet).

	‘Splits’

For example, divide £36 in different ratios (e.g. 1 : 5, 5 : 7, 1 : 2 : 3, …). Set out as web diagram.
	Photographic enlargements (OHT or resource sheet)

Given three similar photographs, discuss what values need to be given to determine six dimensions (lengths and widths), six scalings between photographs, and six internal ratios between lengths and widths. 
	Support: Guide pupils, revealing more information as needed.

Extension: Concentrate on general principles about what values might be given.
	Extended plenary

OHT Shadows 1: Given lengths of shadows and height of child, find heights of trees. 

OHT Shadows 2: Given length of child’s shadow later in the day, find lengths of shadows of trees.

	Objectives A, B, C, D 

Working towards fluency

(Extend to up to 15 minutes)

•
Using calculators with ‘awkward’ numbers

•
Rapid conversion between ratio, fraction, decimal and percentage forms

•
Numbers and quantities, using rates (clearly stated ‘… per …’)

Cover these calculations:

•
Expressing proportions: 
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•
Finding proportions of …: 
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 of …

•
Comparing proportions: 
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 less than, equal to, or greater than 
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•
Comparing quantities: 
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 of … less than, equal to, or greater than 
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 of …

•
Using and applying rates: e.g. 4 machines need 17 hours maintenance; how long for 7 machines? (‘hours per machine’, multiplier 
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	Phase 3 (three lessons) 

Objectives B, C, D, F, G, H

Strategies for solving problems involving multiplication, division, ratio and proportion

Collect a suitable bank of problems, ranging from level 5 to level 7/8. Use Y8 mini-pack problem bank (pp. 23–28), Framework (pp. 3, 5, 21, 25, 75–81, 137, 167, 217, 229, 233, 269), suitable textbooks. Draw from numerical (including percentage increases and decreases), graphical, geometrical (enlargement, maps and plans), statistical contexts.


Activities (may include mini-plenaries):

•
Choose one problem: discuss alternative strategies for solving; change numbers (e.g. make them more difficult) and consider how methods can be adapted; ask different or supplementary questions from same context. (See Y8 mini-pack prompts, pp. 19–20.)

•
Choose a small set of problems: concentrate on extracting and organising data (e.g. putting into tabular form) before deciding on possible methods of solution, rather than working problems through to an answer. (See Y8 mini-pack prompts, pp. 21–22.)

•
Ask pupils to make up similar problems for a partner to solve.

•
Give part solutions and ask pupils to continue and complete solution, or give a complete solution and ask pupils to evaluate efficiency of strategy chosen and/or identify errors.

Problem-solving strategies to be revised and developed:

•
Translate problem into a form which will help with the solution: e.g. extract appropriate data and put in tabular form.

•
Estimate the answer: ask ‘Will it be bigger or smaller?’, ‘Will it be greater or less than 1?’, etc.; use knowledge of the effect of multiplying or dividing by numbers greater than or less than 1.

•
Consider scaling methods by finding a multiplier.

•
When using unitary method involving division, clarify rates expressed part way to a solution, e.g. ‘Is it euros per pound or pounds per euro?’
	Phase 3 of the Year 8 multiplicative relationships unit outlined a general approach to developing problem-solving strategies. Set the expectations for a Year 9 group by collecting a suitable problem bank. Give particular attention to:

•
problems involving rates and change of units;

•
problems involving percentages;

•
the common structure (relationship of proportionality) applying to different contexts.

(See Year 9 phase 3 prompts, 
pp. 25–27.)

Support: Choose easier examples from the collection

Extension: Include problems where the relationships involved are not proportions.
	Mini-plenaries and short final plenaries should not introduce new problems, but reflect on:

•
successful strategies and their transferability;

•
efficiency of strategies;

•
emerging misconceptions;

•
developing coherent written arguments.

Use the plenary to assess progress and decide the focus for the next lesson.
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