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Foreword

Mathematical skills are fundamental to success in life for everyone. 
They underpin effective learning in all subject areas across the 
curriculum. Mathematical skills are vital to further progress in a wide 
range of disciplines and unlock the doors to employment, helping 
people to become active citizens in today’s society. 

Results of national and international assessments – Key Stage 3, 
GCSE and PISA in particular – point to the fact that some more able 
students in Wales are not generally developing their mathematical 
skills to their full potential. 

This guidance document has been created in collaboration with a 
number of recognised experts in schools and local authorities across 
Wales. The guidance is intended to support mathematics teachers 
working with able learners in Key Stages 3 and 4, to help their 
learners achieve better results at the end of Year 9, at GCSE and 
beyond.

At a national level we have done a great deal over the years, through 
a range of initiatives, to support learners who have the least 
well-developed mathematical skills. So far, we have not given as 
much attention to boosting the mathematical skills of our  
higher-attaining learners. 

This publication is aimed at filling that gap and I am delighted to 
commend it to all schools and local authorities, and to confirm our 
support for higher-order skills as part of the wider focus on effective 
schools.

Chris Tweedale
Director of Schools and Young People Group 
Department for Education and Skills
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Introduction

Why has this guidance been produced?

The Welsh Government is committed to challenging underachievement 
in schools. This new guidance focuses on raising the performance of 
mathematical skills for all learners during Key Stage 3, and into Key 
Stage 4. In particular, it supports mathematics teachers to meet the 
needs of their most able learners. 

Underachievement occurs in learners of all abilities, although it is 
perhaps most easily identified in the work of the less able. 
A considerable number of strategies are employed in schools to raise 
the standard of work of learners who are underachieving, often 
through differentiated work that targets learners working at 
Levels 3 and 4 in a mixed-ability class or through teaching these 
learners in small groups with specialised support. It is less common 
for teachers to target more able learners who might also be 
underachieving, even though their attainment is at the expected level 
or above. If we are to raise performance, it will be necessary to raise 
expectations by targeting those who are ‘coasting’ and challenging 
them to show their true potential.

The examples of work in this guidance aim to exemplify what Key 
Stage 3 learners, working at the highest levels in mathematics, can 
achieve. The examples provide commentaries that will help teachers 
to identify characteristics of Levels 7, 8 and Exceptional Performance. 
They are intended to provide a stimulus for learning and teaching, 
and present suggestions for transition to related post-14 work.

The Department for Education and Skills (DfES) curriculum guidance, 
Mathematics: Guidance for Key Stages 2 and 3 (Welsh Assembly 
Government, 2009), provides key messages for planning learning 
and teaching in mathematics to support Curriculum 2008. It includes 
learner profiles exemplifying how to use level descriptions to make 
best-fit judgements at the end of Key Stages 2 and 3. 

Many of the key messages from the curriculum guidance are 
further developed in this higher-order mathematics booklet, and 
are therefore relevant to all learners. However, there are obvious 
differences, in that this new guidance provides commentaries 
on recognising characteristics of level descriptions in individual 
examples of learners’ work, rather than focusing on end of key stage 
judgements. 
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In Section 1 of this booklet is an explanation of the changes to the 
GCSE mathematics examinations to be first awarded in summer 2012, 
to reflect the revised Key Stage 4 subject Orders. Some exemplar 
questions from recent WJEC pilot GCSE examinations are also 
included. Also in this booklet is a section on the implications for Wales 
of the disappointing results from the Programme for International 
Student Assessment (PISA). The nature of many of the questions used 
in these assessments is considered and some sample questions are 
included. Finally, this section includes a description of the implications 
of these assessments for teachers in challenging their learners to 
reach their potential.

Using this guidance

This booklet is divided into two sections.

Section 1 describes the latest developments in GCSE   
  examinations, reflects on the performance of Welsh  
  learners in the PISA tests and describes the implications  
  for teachers in ensuring their learners are able to meet  
  the demands of these assessments in future.

Section 2 contains examples of learners’ work exemplifying  
  higher-order level characteristics. The contexts and  
  skills used by learners are then linked with possibilities  
  for further development in Key Stages 3 and 4.

This guidance is for mathematics teachers to:

• extend their understanding of the mathematics Order 2008

• review learning plans and activities

• consider the characteristics of level descriptions set out in the  
 mathematics Order 2008

• work with other teachers to reach a shared understanding of the  
 level descriptions

• develop departmental portfolios to exemplify characteristics of  
 level descriptions

• develop departmental learner profiles to exemplify end of key  
 stage best-fit judgements

• prepare learners to cope with revisions to GCSE examinations.

This guidance is part of a range of materials that will help teachers 
to implement the revised curriculum and its associated assessment 
arrangements. This includes materials focused on mathematics and also 
on the wider aspects of effective learning and development of skills. 
Pages 81–83 provide a list of useful references for mathematics teachers.
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1
GCSE and PISA, and the implications of 
these assessments 

Section
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Changes in GCSE examinations from 2011/12 
Mathematics in the National Curriculum for Wales, the 2008 
mathematics Order, places an increased emphasis on the skills that 
were formerly referred to as ‘Using and Applying Mathematics’. The 
GCSE specifications in mathematics have been revised to reflect this 
change of emphasis. These skills will be assessed through written 
examination questions, and revised GCSEs will be first awarded in 
summer 2012. Teachers in Wales will need to prepare their learners 
for these new assessments.

The aims and learning outcomes of the revised GCSE specifications 
will enable learners to:

• develop skills, knowledge and understanding of mathematical  
methods and concepts

• acquire and use problem-solving strategies

• select and apply mathematical techniques and methods in   
mathematical, everyday and real-world situations

• reason mathematically, make deductions and inferences, and draw  
conclusions

• interpret and communicate mathematical information in a variety  
of forms appropriate to the information and context.

The revised Assessment Objectives (AOs) are shown in the table 
below, together with their respective weightings across the 
qualification.

GCSE and PISA, and the implications of 
these assessments

Assessment Objectives Weighting (%)
AO1 Recall and use their knowledge of the 

prescribed content
45–55

AO2 Select and apply mathematical 
methods in a range of contexts

25–35

AO3 Interpret and analyse problems and 
generate strategies to solve them

15–25



7Developing higher-order mathematical skills

As can be seen from this table, the proportion of marks allocated 
to Assessment Objectives 2 and 3 is approximately 50 per cent. 
In order to reflect this weighting, GCSE examination papers will 
contain an increased proportion of contextualised questions and 
questions that require the use of problem-solving strategies for their 
solution. Teachers will need to ensure that their teaching prepares 
their learners to be able to tackle such questions. The removal of 
the coursework component from GCSE mathematics released more 
lesson time for the teaching of mathematics. This should have 
enabled teachers to find the time to enhance their teaching by 
adopting a problem-solving approach, which in turn would prepare 
their learners for the new styles of examination question. 

Some questions will be set in more complex real-life contexts 
than has been the case in recent years. These will require more 
explanatory text and will place a greater demand upon candidates’ 
skills of reading and comprehension. A greater proportion of  
questions will be unstructured, providing all the necessary 
information and leaving the candidates to find their own ways 
through. For these questions, there will often be more than one 
method of solution, and candidates will be expected to devise their 
own strategies. Without a problem-solving approach to teaching and  
learning, candidates are likely to find difficulty in engaging with 
these questions. 

Some exemplar questions, taken from WJEC pilot GCSE examination 
papers, together with their mark schemes, are shown on the 
following pages.
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Exemplar pilot GCSE questions

WJEC Pilot GCSE Mathematics, Summer 2009, Higher Tier 
Paper 2, Question 13

Mark scheme
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WJEC Pilot GCSE Mathematics, Summer 2009, Higher Tier 
Paper 2, Question 14

Mark scheme
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WJEC Pilot GCSE Mathematics, Summer 2009, Higher Tier  
Paper 1, Question 7

.
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Mark scheme

Quality of written communication (QWC)

In the new GCSE examinations, some questions will explicitly assess 
candidates’ quality of written communication (QWC). This will 
include their mathematical communication used in answering specific 
questions. These questions, which will be clearly indicated on each 
question paper, will require learners to:

• ensure that the text is legible and that spelling, punctuation and  
grammar are accurate so that meaning is clear

• select and use a form and style of writing appropriate to the  
purpose and complexity of the subject matter

• organise information clearly and coherently, using specialist   
vocabulary where appropriate.

An exemplar question taken from the WJEC GCSE (linked pair) pilot 
in Applications of Mathematics is shown on the next page.
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WJEC GCSE Pilot (Linked pair scheme) Applications of 
Mathematics

Unit 2: Financial, business and other applications
Higher Tier Specimen paper, Question 5(b)

Mark scheme
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The PISA survey of mathematical literacy 

The Programme for International Student Assessment (PISA) is the 
world’s largest international education survey. It is organised by the 
Organisation for Economic Co-operation and Development (OECD). 
In 2009, the PISA survey involved schools and learners across 65 
countries. The survey focuses on the ability of 15-year-olds to use 
their skills and knowledge to address real-life challenges involving 
reading, mathematics and science.

The mathematics questions used in the PISA survey aim to assess 
learners’ ability to use their mathematical skills and knowledge 
in different situations in adult life. This ability is referred to as 
mathematical literacy and is defined as ´an individual’s capacity to 
identify and understand the role that mathematics plays in the world, 
to make well-founded judgements and to use and engage with 
mathematics in ways that meet the needs of that individual’s life as a 
constructive, concerned and reflective citizen´. 

The PISA surveys use a variety of types of question, from multiple 
choice and short answer questions to those requiring more extended 
responses. Some of the questions are purely mathematical but the 
vast majority are context-based problems that require the learner to 
engage with a situation and decide upon a method of solution. 

The findings from Wales

In 2009, a total of 132 schools in Wales took part in the PISA survey. 
The results were extremely disappointing. In mathematics, Wales’ 
mean score was significantly lower than the OECD average and the 
mean scores of each of the other UK nations. In addition, the mean 
score and Wales’ international ranking fell when compared with the 
previous (2006) results. The performance distribution for Wales was 
heavily skewed towards the lower end, indicating underperformance 
at all levels. 

The implications for Wales

Clearly, action is needed to address these shortcomings. Some 
actions have already been taken, such as the changes in GCSE 
specifications described previously. Many of the revisions made 
at GCSE are in line with the PISA agenda – and if they are used 
to promote changes in teaching, then increases in performance 
should ensue. In order to inform teachers and learners of the style 
of the questions used in the PISA tests, some sample questions are 
reproduced on pages 14–18. Further sample questions that have 
been released by the OECD can be found on their website at 
www.oecd.org/dataoecd/47/23/41943106.pdf
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Sample PISA questions

Coins

Mark scheme
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Student heights

Mark scheme
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Farms

Mark scheme



17Developing higher-order mathematical skills

Test scores

Mark scheme
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The best car

Mark scheme
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Implications for teachers

The actions needed to improve Wales’ performance in future PISA 
mathematics surveys are similar to those required to prepare learners 
for the revised GCSEs in mathematics. Teachers need to stretch and 
challenge all their learners to reach their potential, and their more 
able learners, in particular, to reach the higher levels. This includes 
teaching higher-level mathematics content from the Range of the 
mathematics national curriculum, as well as applying lower-level 
content in context through the Skills. Applying mathematics in 
context can increase the demand considerably. For example, applying 
Pythagoras’ theorem in a right-angled triangle to calculate the 
length of the hypotenuse is characteristic of Level 7, but determining 
whether a large wardrobe could be turned around in a small room 
or whether a pencil could fit inside a pencil box (where all the 
dimensions are given) pushes the demand to Level 8 and Exceptional 
Performance, respectively. 

In order to allow learners to provide evidence of higher-level skills, 
they must be given freedom to make decisions, to select methods 
and to investigate within mathematics. Adopting a problem-solving 
approach to teaching and learning will broaden learners’
mathematical experiences and enhance their learning opportunities. 
Taken from the Key Stage 3 Programme of Study, examples of 
opportunities that should be provided for learners to make decisions 
while solving problems include: 

• select . . . the mathematics, resources, measuring instruments,  
 units of measure, sequences of operation and methods of   
 computation needed to solve problems

• identify what further information or data may be required in order  
 to pursue a particular line of enquiry . . .

• develop and use their own mathematical strategies and ideas . . .

• select, trial and evaluate a variety of possible approaches . . .

• . . . make conjectures and hypotheses, design methods to test  
 them, and analyse results to see whether they are valid . . .

To promote the development of learners’ problem-solving skills, some 
GCSE questions will expect learners to make their own decisions. 
This will involve more than simply choosing the units to use for an 
answer, selecting the scales to adopt for the axes of a graph, or 
determining the intervals to use when classifying data. This will also 
require learners to draw their own diagrams or enhance one that 
is given, to devise their own approaches to tackle an unfamiliar 
problem, and to reflect on the accuracy or limitations of their 
solutions.
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The level descriptions contain ‘signposts’ to the demand of each 
level; these are just examples of the associated demand. Many 
aspects of the mathematics curriculum are not mentioned at all 
within the level descriptions. 

Teachers need to provide a rich experience for their learners, 
enhancing the programme of study by ensuring variety in their 
approach. Questions and tasks that are set should involve learners 
in collaborating to think their way through unfamiliar contexts 
and interesting situations, as well as consolidating their skills and 
knowledge in more familiar scenarios. In providing this variety 
of approach, teachers should take opportunities, whenever they 
arise, to drip-feed new ideas through lesson starters, consolidation 
activities, and everyday lessons, and to challenge learners’ thinking 
by frequently asking, ‘What if . . . ?’. In this way, learners will 
become used to thinking through new situations and will begin to 
appreciate the power and potential of mathematics. 

If teachers invest time in stretching and challenging their learners, 
and extend their expectations of their ability then, in time, their 
learners will be able to apply their acquired toolkit of mathematical 
skills to tackle extended and open-ended problems. The tasks and 
activities within this booklet provide some ideas for teachers to use 
with their learners, while a wealth of further ideas can be found 
on the various websites that are referenced on pages 82–83. These 
ideas should be crystallised into activities that can be integrated into 
schemes of work. Such activities should become part of the normal 
approach to teaching and learning rather than bolted on as ’extras’. 
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Level descriptions
Level 7

Pupils justify their generalisations, arguments or solutions, consider 
alternative approaches and appreciate the difference between 
mathematical explanation and experimental evidence. They examine 
critically and justify their choice of mathematical presentation. In 
making estimates, they round to one significant figure and multiply 
and divide mentally. They understand the effects of multiplying and 
dividing by numbers between 0 and 1, and calculate proportional 
changes. They solve numerical problems with numbers of any size, 
using a calculator efficiently and appropriately. They describe in 
symbols the next term or nth term of a sequence with a quadratic 
rule. They use algebraic and graphical methods to solve simultaneous 
linear equations in two variables and solve simple inequalities. They 
use Pythagoras’ theorem in two dimensions, calculate lengths, 
areas and volumes in plane shapes and right prisms, and enlarge 
shapes by a fractional scale factor. They appreciate the imprecision 
of measurement, and use compound measures such as speed. They 
specify and test hypotheses, taking account of bias. They analyse 
data to determine modal class and estimate the mean, median 
and range of sets of grouped data. They use measures of average 
and range to compare distributions, and draw a line of best fit 
on a scatter diagram by inspection. They use relative frequency as 
an estimate of probability and use this to compare outcomes of 
experiments.

Level 8

Pupils develop and follow alternative approaches, reflecting on their 
own lines of enquiry and using a range of mathematical techniques. 
They examine and discuss generalisations or solutions they have 
reached. They convey mathematical or statistical meaning through 
precise and consistent use of symbols. They solve problems involving 
calculating with the extended number system, including powers, 
roots and standard form. They manipulate algebraic formulae, 
equations and expressions. They solve inequalities in two variables. 
They sketch and interpret graphs of linear, quadratic, cubic and 
reciprocal functions, and graphs that model real situations. They 
understand congruence and mathematical similarity, and use sine, 
cosine and tangent in right-angled triangles. They interpret and 
construct cumulative frequency tables and diagrams. They compare 
distributions and make inferences, using estimates of the median and 
inter-quartile range. They solve problems using the probability of a 
compound event.
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Exceptional Performance

Pupils give reasons for the choices they make when investigating 
within mathematics. They use mathematical language and symbols 
effectively in presenting a convincing reasoned argument, including 
mathematical justification. They express general laws in symbolic 
form. They solve problems using intersections and gradients 
of graphs. They use, generate and interpret graphs based on 
trigonometric functions. They solve problems in two and three 
dimensions using Pythagoras’ theorem and trigonometric ratios. 
They calculate lengths of circular arcs, areas of sectors, surface areas 
of cylinders, and volumes of cones and spheres. They interpret and 
construct histograms. They understand how different sample sizes 
may affect the reliability of conclusions. They recognise when and 
how to use conditional probability.
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2
Examples of learners’ work exemplifying 
higher-order level characteristics

Section
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This section contains examples of learners’ work within Key 
Stage 3 that demonstrate characteristics of Levels 7, 8 and 
Exceptional Performance. The work was collected from schools across 
Wales in 2009 and 2010. Each example is a learner’s response to a 
mathematical task, and is accompanied by a commentary that aims 
to identify the characteristics of Level 7, Level 8 and Exceptional 
Performance inherent in the work. 

At the end of each example of a learner’s work, a ‘Way forward’ 
section is included to provide feedback on how the work could have 
been improved and/or ‘next steps’ for the learner. In some instances, 
these ‘next steps’ include ideas for how work could be developed 
further either within Key Stage 3 or later in Key Stage 4.

Examples of learners’ work exemplifying 
higher-order level characteristics
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Fruit farm cartons

This task is the classic ‘max box’ problem set in a context. It 
involves the construction of a three-dimensional container from its 
two-dimensional net. Learners were asked to find the dimensions 
necessary for the container to hold as much fruit as possible.
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Bethan’s work 
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Bethan introduced algebraic notation, labelled her diagram of a net, 
and wrote and simplified an algebraic formula for the volume of 
the open box formed. After methodically considering different sizes 
of squares to cut from each corner, she tabulated and plotted her 
results, before concluding that the maximum volume occurred when 
squares of side 3cm were cut from the corners. She went on to 
check her solution by using her derived algebraic formula to consider 
sizes just above and below 3cm. 

Bethan shows a sound understanding of the different mathematical 
representations of the relationships that exist between the variables, 
including tabulated numerical results, graphs and algebraic formulae. 
Throughout her work, Bethan conveys mathematical meaning 
through precise and consistent use of symbols, which is characteristic 
of Level 8. 
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After solving the problem posed, Bethan extended her exploration 
by considering squares of cardboard of various sizes. She plotted 
and tabulated all her results together, before suggesting that the 
maximum volume occurs when the length of the squares to be 
cut away is one-sixth of the original length. The use of the word 
‘suggest’ here indicates a recognition that this result is based on 
a small number of cases only and signifies an appreciation of the 
difference between mathematical explanation and experimental 
evidence, which is characteristic of Level 7. 
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Had she written          as      , Bethan could have simplified her 

subsequent working in deriving her expression for the maximum 

volume:            . Either way, the manipulation of algebraic

expressions involved is characteristic of Level 8. 

Bethan constructed the graph of the maximum volume against 
and confirmed that the gradient of the straight line produced 

is approximately     . Solving problems using . . . gradients of graphs 

is characteristic of Exceptional Performance, although her work 
could be extended here by explaining clearly the significance of her 
findings. 
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Links to level descriptions

Characteristics of the Level 7 description include:

• consider alternative approaches and appreciate the difference  
 between mathematical explanation and experimental evidence.

Characteristics of the Level 8 description include:

• develop and follow alternative approaches, reflecting on their own  
 lines of enquiry and using a range of mathematical techniques

• examine . . . solutions they have reached

• convey mathematical . . . meaning through precise and consistent  
 use of symbols

• manipulate algebraic formulae . . . and expressions

• sketch and interpret graphs of linear, quadratic, cubic . . .   
 functions.

Characteristics of the Exceptional Performance description 
include:

• solve problems using . . . gradients of graphs. 

Way forward

Making use of graph-plotting software would remove some of the 
repetitive nature of the work for Bethan. She could be asked to consider 
optimisation problems involving more complex shapes. Asking her 
to maximise the volume of a cylinder, cone, pyramid or hemisphere 
would lead to higher-level work on measures – for example, finding the 
maximum volume of a cone made from a sector of a circle of a given 
radius.

Alternatively, Bethan could be challenged to work on problems involving 
optimisation that are set in completely different contexts, such as those 
that involve maximising profit or minimising costs. Another alternative 
approach would be to introduce a design aspect to the task, such as 
designing a container to hold a given number of tennis balls. 
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Investigate the number of coins in circulation in the UK. Use the information on the data 
sheets to help you describe the amount of coins in different ways. 

UK coins

Learners were provided with two data sheets – one giving the 
specifications of UK coins in current circulation and the other 
providing a collection of useful data. For each coin, the specification 
gives details of its diameter, mass, thickness and composition, as well 
as giving the number in circulation (in 2008). After a class discussion 
session in which various suggestions were made for aspects that 
could be explored, learners were encouraged to choose their own 
investigation on which to work.
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Catrin demonstrates fluent use of compound measures (pounds per 
tonne and pence per gram) while solving a numerical problem . . . , 
using a calculator efficiently and appropriately, both of which are 
characteristic of Level 7. 

Catrin’s work
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Catrin’s solution to this problem involves calculating volumes of 
cylinders (coins), which is characteristic of Level 7, and calculating 
with the extended number system, including powers and roots, and 
understanding mathematical similarity, which are both characteristic 
of Level 8. Catrin incorrectly states that the ‘area factor’ is √2, but 
this does not affect her results as she correctly states that the scale 
factor is 3√2.
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In making her estimates, Catrin rounds to one significant figure and 
multiplies and divides mentally, which is characteristic of Level 7.
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Links to level descriptions

Characteristics of the Level 7 description include:

• in making estimates, round to one significant figure and multiply  
 and divide mentally

• solve numerical problems with numbers of any size, using a  
 calculator efficiently and appropriately

• . . . calculate lengths, areas and volumes in plane shapes and right  
 prisms . . .  

• . . . use compound measures . . . 

Characteristics of the Level 8 description include:

• solve problems involving calculating with the extended number  
 system, including powers, roots and standard form

• understand . . . mathematical similarity . . . 

Way forward

Catrin could be encouraged to set up a spreadsheet to compare her 
results with those for other coins, as this would reduce the need for 
repetitive calculations. Within this work, Catrin shows a misunderstanding 
of the ratio of areas of similar shapes, and although this did not affect the 
accuracy of her findings here, she could usefully be encouraged to tackle 
further problems that involve the ratio of lengths, areas and volumes of 
similar shapes.
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Curvy areas

Take a look at the image below:

Can you see how the image was created?
Try to recreate it using a ruler and compasses.

Here are two smaller images created in a similar way.

Can you work out the proportion of each of the 3-, 4- and 5-colour 
circles which is shaded red?
Can you make any generalisations?
Can you prove your ideas?

What about the proportion which is shaded orange? . . . yellow?
Can you make any generalisations?
Can you prove your ideas? 

(Curvy areas is taken from the Nrich website and can be accessed at: 
http://nrich.maths.org/6468)
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Craig’s work
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Craig deduced the proportion of the circles that were shaded red 
using a method based on understanding mathematical similarity in 
shapes, which is a characteristic of Level 8. He discovered that, within 
each of the circles, all the coloured regions are equal in area. His 
solution involved manipulating algebraic formulae and expressions 
accurately, which is also characteristic of Level 8. Further than 
this, Craig used mathematical language and symbols effectively in 
presenting a convincing reasoned argument to generalise his solution 
and to justify his generalisation, which is characteristic of Exceptional 
Performance.  
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Way forward

Craig could be asked to extend his investigation by considering the 
perimeter of each of the coloured shapes. He presents his work very 
clearly and methodically. However, he may benefit from being exposed 
to some work on Euclidean geometry, for example, where engaging 
with formal proofs would be a useful challenge for him.

Links to level descriptions

Characteristics of the Level 8 description include: 

• examine and discuss generalisations or solutions they have   
 reached

• convey mathematical . . . meaning through precise and consistent  
 use of symbols

• manipulate algebraic formulae, equations and expressions

• understand . . mathematical similarity . . .

Characteristics of the Exceptional Performance description 
include:

• give reasons for the choices they make when investigating within  
 mathematics

• use mathematical language and symbols effectively in presenting a  
 convincing reasoned argument, including mathematical 
 justification.
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Square proof

Two different rectangles are placed together, edge to edge, to form a 

large rectangle. The length of the perimeter of the large rectangle is   
of the total perimeter of the original two rectangles.
Prove that the final rectangle is in fact a square.

(This example is taken from the 2009 Olympiad Cayley Paper, published in The UK 
Mathematics Trust Yearbook 2008–2009, UKMT 2009)

Menna’s work
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Menna has proved that the new rectangle formed by joining the 
two rectangles together is in fact a square. Her proof involves the 
manipulation of algebraic equations and expressions and conveys 
mathematical meaning through precise and consistent use of 
symbols, both of which are characteristic of Level 8. In fact, she 
goes further than this by using mathematical language and symbols 
effectively in presenting a convincing reasoned argument, which is 
characteristic of Exceptional Performance.

Links to level descriptions 

Characteristics of the Level 8 description include:

• convey mathematical . . . meaning through precise and consistent  
 use of symbols

• manipulate algebraic formulae, equations and expressions.

Characteristics of the Exceptional Performance description 
include:

• use mathematical language and symbols effectively in presenting a  
 convincing reasoned argument . . .

Way forward

Menna is clearly ready to be stretched further, and an introduction to 
some more complex geometrical proofs could be a useful challenge for 
her. 
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An interesting problem

Sara has £500 to invest. The current interest rate is 6 per cent per 
year. 

Sara knows that she would earn more under compound interest than 
simple interest. Investigate the interest she would receive under the 
two systems.

In particular, for how many years would she have to invest her 
money before the compound interest earned is:

• £100 more than the simple interest?

• £500 more than the simple interest?

• double the simple interest?

What if the amount invested and the interest rate were changed?

Investigate further . . . 

Sara’s work

Sara decided to draw up a spreadsheet to compare the interest 
received under the two systems, while many other learners chose to 
use a graphical approach. Her reason for using a spreadsheet was:

She produced several drafts before she arrived at the spreadsheet 
shown on page 50, which indicates her responses to the three 
questions posed:
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After using her spreadsheet to investigate further, Sara came to her 
conclusion. 

 

In drafting the spreadsheet for this investigation, Sara shows that 
she can manipulate algebraic formulae and expressions, while using 
symbols in a precise and consistent manner, which is characteristic 
of work at Level 8. Sara clearly understands how to solve problems 
related to the calculation of compound interest. Also, she is able to 
present a reasoned argument based on her findings and give reasons 
for the choices she made in investigating this problem. These are all 
characteristic of Exceptional Performance.

Links to level descriptions

Characteristics of the Level 8 description include:

• convey mathematical . . . meaning through precise and consistent  
use of symbols

• manipulate algebraic formulae . . . and expressions.

Characteristics of the Exceptional Performance description 
include:

• give reasons for the choices they make when investigating within  
mathematics 

• use mathematical language and symbols effectively in presenting a  
convincing reasoned argument . . 
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Way forward

Sara could be asked to tackle more complex problems set in the world 
of finance involving the use of a spreadsheet, even though she has 
shown her skills in this area to be well developed already. 
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The hundred square

Learners were asked to investigate patterns in squares drawn on a 
hundred square.

Anwen’s work
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Anwen finds a rule for the nth term of a sequence where the rule is 
linear, which is characteristic of Level 6.
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After checking it, Anwen was able to justify her generalised rule, 
which is characteristic of Level 7. 
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Anwen experienced some difficulty in finding a generalised rule for 
a square of any size, so she considered the leading diagonal alone. 
She noticed that the total of the numbers in the leading diagonal of 
a square of side n could be multiplied by n to give the total of all the 
numbers in the square. Reflecting on her line of enquiry, following an 
alternative approach and examining her generalisation in this way are 
all characteristic of Level 8. 
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Anwen was able to derive a generalised rule for a square of any size. 
In doing this, she described in symbols the nth term of a sequence 
with a quadratic rule, which is characteristic of Level 7. However, the 
complexity of this rule, being a generalisation of a sequence of linear 
rules, is sufficient for the work to be characteristic of the demand 
associated with Level 8.

Links to level descriptions

Characteristics of the Level 7 description include:

• justify their generalisations, arguments or solutions, consider  
 alternative approaches . . .

• describe in symbols the next term or nth term of a sequence with  
 a quadratic rule.

Characteristics of the Level 8 description include:

• develop and follow alternative approaches, reflecting on their own  
 lines of enquiry and using a range of mathematical techniques

• examine and discuss generalisations or solutions they have   
 reached.

Way forward

Anwen could be asked to reflect on her rule for the total of the 
numbers in the leading diagonal of the 3 by 3 square, and to justify 
why this is one-third of the total of the numbers in the 3 by 3 square. 
She could be asked to simplify her formulae for the totals (in the 
leading diagonal and the squares), by recognising and using the 
sequence of triangular numbers (1+2+3+...). In addition, Anwen could 
be asked to investigate other relationships on a hundred square, for 
example, sums or differences within various shapes, or relationships 
within such shapes on different number grids.
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Team competition

Teams A, B, C and D competed against each other once. The results 
table was as follows.

(a) Find (with proof) which team won in each of the six matches.

(b) Find (with proof) the scores in each of the six matches.

(This example is taken from the 2009 Olympiad Cayley Paper, published in The UK 
Mathematics Trust Yearbook 2008–2009, UKMT 2009.)

Akram’s work

Team Win Draw Loss Goals 
for

Goals 
against

A 3 0 0 5 1

B 1 1 1 2 2

C 0 2 1 5 6

D 0 1 2 3 6
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Akram’s solution to this problem, particularly in part (b), which 
becomes surprisingly complicated, involves the presentation of a 
convincing reasoned argument and is characteristic of Exceptional 
Performance.

Links to level descriptions

Characteristics of the Exceptional Performance description 
include:

• use mathematical language . . . effectively in presenting a   
 convincing reasoned argument.

Way forward

Akram has shown that he can think through a complex situation, 
and present his work methodically. He could be asked to engage 
with further problem-solving tasks, including those that involve more 
advanced mathematical content from the Range. 
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The recipe continues to explain how to make the cheesecake.

Cheesecake

Brief: You are an adviser who writes a column in Nut Monthly 
magazine. A reader sends in the following problem which is passed 
on to you by the editor. He wants the detailed reply to be published 
in next month’s issue. 
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David’s work 
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David discovered that doubling the diameter of a circle results in 
its area increasing four-fold, which necessitates a quadrupling of 
the ingredients. He provided a mathematical justification for this 
result by considering the effect of doubling the sides of a one-inch 
square. Although the significance of the 2s around the diagram is 
ambiguous, David’s intention is clear, and this justification of his 
solution is characteristic of Level 7.

Had David used algebraic notation to formalise his mathematical 
justification by proving his conjecture that when the diameter of 
a circle is doubled, its area is quadrupled, this would have been 
characteristic of Exceptional Performance.
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David used the result he reached in the first part to reason that 
a quarter of the ingredients would be sufficient for a circular 
cheesecake of half the diameter. This examination and use of a 
derived generalisation or solution is characteristic of Level 8.
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David found the perimeter of the star shape, using Pythagoras’ 
theorem in two dimensions, which is characteristic of Level 7.
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David extended the task by investigating a cake tin with a 
pentagonal cross-section. In calculating the perimeter of the 
pentagon, he used trigonometry, including the area formula: 

 . 

Solving this problem in two dimensions using trigonometric ratios is 
characteristic of Exceptional Performance, as it goes beyond the use 
of trigonometry in a right-angled triangle. 
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Links to level descriptions

Characteristics of the Level 7 description include:

• justify their generalisations, arguments or solutions . . .

• solve numerical problems . . . using a calculator efficiently and  
 appropriately

• use Pythagoras’ theorem in two dimensions . . .

Characteristics of the Level 8 description include:

• examine and discuss generalisations or solutions they have   
 reached

• . . . use sine, cosine and tangent in right-angled triangles.

Characteristics of the Exceptional Performance description 
include:

• solve problems in two and three dimensions using Pythagoras’  
 theorem and trigonometric ratios.

Way forward

David could be asked to extend his work by attempting to justify his 
conclusion that a circular cake tin would be the cheapest shape to 
decorate with ribbon. His understanding of the ratio of lengths and 
areas of similar figures could be further developed and consolidated, 
before being extended to consider the ratio of lengths, areas and 
volumes of similar solids. 
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Painted cube

Sam’s work
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Explanation

•	 The number of cubes with 3 painted faces is always 8 because 	
	 it doesn’t matter what size the cube is. It will always have 8 	
	 vertices if it’s not a single cube. 
•	 Multiply the number of cubes on one face that have one face 	
	 painted by 6 because a cube has 6 faces.
•	 Multiply the number of cubes on one edge that have 2 faces 	
	 painted by 12 because a cube has 12 edges.
•	 It’s n – 2 because to get the length of the edge, we have to take 	
	 away two corners.

I have now come to a conclusion. This is what I have found during 
this investigation.

Number of cubes with 3 painted faces = 8 cubes every time = 
8 corners
Number of cubes with 2 painted faces = 12(n–2)
Number of cubes with 1 painted face = 6(n–2)²
Number of cubes with 0 painted faces = (n–2)³

I could do further investigating into this problem by exploring 
other shapes such as cuboids, prisms and pyramids. The easiest to 
investigate would be a cuboid as it is very similar to a cube.
•	 There would be 8 vertices again, therefore the number of cubes 	
	 with 3 painted faces would still be 8, like the cube.
•	 It would still be x 6 because a cuboid has 6 faces — no matter 	
	 what the size of the cuboid.
•	 It would still be x 12 because a cuboid has 12 edges.
•	 The length of the edges will be in the formula again as n – 2.

I have discovered a lot by doing this investigation.

Length 
of cube 
(cm)

Number 
of cubes

Number of cubes with this number of 
painted faces

0 1 2 3

6 216 64 96 48 8
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Sam reviewed his strategies and suggested an alternative strategy he could 
have used for looking at cause and effect. This is a characteristic of the 
Level 8 description.

Sam systematically considers cubes of increasing side length, finding 
the numbers of small cubes with 0, 1, 2 and 3 painted faces in each 
case. He is able to generalise his findings by finding formulae and 
give some limited justification for his formulae, both of which are 
characteristic of Level 7.

Sam progressed to consider the same problem applied to cuboids 
but instead of working through some simple examples first, he 
attempted to generalise and incorrectly stated that the results would 
be the same as for cubes. There are similarities and he is correct 
about the corner cubes, with 3 painted faces. However, further 
thought is required in deriving formulae for the number of cubes 
with 0, 1 and 2 painted faces. Nonetheless, Sam’s precise and 
consistent use of symbols in the work he has undertaken on cubes is 
characteristic of Level 8. 

Links to level descriptions

Characteristics of the Level 7 description include:

•	 justify their generalisations, arguments or solutions . . .

•	 describe in symbols the next term or nth term of a sequence with 	
	 a quadratic rule.

Characteristics of the Level 8 description include:

•	 examine and discuss generalisations or solutions they have 		
	 reached

•	 convey mathematical . . . meaning through precise and consistent 	
	 use of symbols.

Way forward

Sam could be asked to attempt to express his justifications for his 
generalised rules more clearly. He could be asked to show that the 
expressions for the number of cubes with 0, 1, 2 and 3 painted faces 
do sum to n3, the total number of small cubes. Sam needs to be 
encouraged to reconsider this problem when applied to cuboids, and 
then to try to generalise his findings for a cuboid of any size.
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Resources

These materials were developed by or in conjunction with DfES.

Mathematics in the National Curriculum for Wales (Welsh Assembly 
Government, 2008)

Mathematics: Guidance for Key Stages 2 and 3 (Welsh Assembly 
Government, 2009) 

Making the most of learning: Implementing the revised curriculum 
(Welsh Assembly Government, 2008) 

Ensuring consistency in teacher assessment: Guidance for Key 
Stages 2 and 3 (Welsh Assembly Government, 2008)

A curriculum of opportunity: developing potential into performance 
(ACCAC, 2003)

Skills framework for 3 to 19-year-olds in Wales (Welsh Assembly 
Government, 2008)

Developing thinking and assessment for learning programme (Welsh 
Assembly Government):

• Why develop thinking and assessment for learning in the   
classroom?

• How to develop thinking and assessment for learning in the  
classroom

• Developing thinking and assessment for learning poster and  
leaflet.

All the above materials are available from the Welsh Government’s 
website at www.wales.gov.uk/educationandskills

Aiming for Excellence: Developing thinking across the curriculum 
(BBC Cymru Wales, Estyn, Welsh Assembly Government, 2006) 
(Available from BBC Cymru Wales)

Useful resources and websites 
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Websites

The websites listed below contain a wealth of ideas for further 
mathematical activity.

Association of Teachers of Mathematics (ATM): resources for 
teachers to download or use online in the classroom, designed 
to help develop a creative and thinking approach in mathematics 
learners.
www.atm.org.uk/resources/ 

Bowland Maths:
• innovative case study problems, each taking 3–5 lessons, designed  
 to develop thinking, reasoning and problem-solving skills 

• stand-alone assessment items, each of which takes less than one  
 lesson to complete, and some no more than 20 minutes 

• professional development materials to help teachers develop the  
 skills needed for the case studies and for the revised programme  
 of study.
www.bowlandmaths.org.uk/ 

CensusatSchool: free downloadable resources containing a 
variety of classroom activities, some directly related to the 2011 
CensusAtSchool project.
www.censusatschool.org.uk/resources/ 

Cre8ate: downloadable resources involving the application of 
mathematics in interesting contexts.
www.cre8atemaths.org.uk/resources 

GeoGebra: free dynamic software for learning and teaching that 
brings together geometry, algebra, statistics and calculus in one 
package.
www.geogebra.org/cms/ 

MathsNet: a range of games, puzzles, investigations and other 
activities.
www.mathsnet.net/ 

NGfL Cymru: a range of games and starter activities to develop 
mathematical and thinking skills.
www.ngfl-cymru.org.uk/eng/index-new.html

NRICH: numerous enrichment materials for learners aged 5 to 19 
and their teachers.
http://nrich.maths.org/forteachers 



83Developing higher-order mathematical skills

Nuffield Applying Mathematical Processes (AMP): twenty 
activities accessible to all secondary learners, comprising abstract 
investigations and practical explorations set in realistic contexts.
www.nuffieldfoundation.org/about-applying-mathematical-processes-
amp  

SchoolsWorld TV: a comprehensive selection of mathematics 
programmes, online resources and useful web-links, formerly found 
on Teachers TV.  
www.schoolsworld.tv/subjects/secondary/maths

TSM Resources: a wealth of internet resources and mathematical 
entertainment for classroom use, including links to sites within the 
UK and from across the world.
www.tsm-resources.com/mlink.html 

United Kingdom Mathematics Trust: junior, intermediate and 
senior mathematics challenges to stretch more able learners. 
www.mathcomp.leeds.ac.uk/ 
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